A Sudoku grid is a 9 × 9 Latin square further constrained to have nine non-overlapping 3 × 3 mini-grids each of which contains the values 1-9. In ∆-Quasi-Magic Sudoku a further constraint is imposed such that every row, column and diagonal in each mini-grid sums to an integer in the interval [15−∆, 15+∆]. The problem of proving certain (computationally known) results for ∆ = 2 concerning mini-grids and bands (rows of mini-grids) was posed at the British Combinatorial Conference in 2007. These proofs are presented and extensions of these provide a full combinatorial enumeration for the total number of completed 2-Quasi-Magic Sudoku grids. It is also shown that there are 40 isomorphism classes of completed 2-Quasi-Magic Sudoku grids.
(a) 2-Quasi-Magic Sudoku puzzle.
(b) 2-Quasi-Magic Sudoku solution grid.
Fig. 1. Example 2-Quasi-Magic
Sudoku puzzle and solution grid [2] . Table 1 Permutation operations generating Q.
Permutation operation Order
Permutation of the values (1, 9)(2, 8)(3, 7)(4, 6)(5), referred to as permutation of values.
2 Permutation of bands.
3! Permutation of stacks.
3! Permutation of the entire top row of any band with the entire bottom row of the same band, referred to as permutation of rows. 
Mini-grid properties
Recall that all triples within each mini-grid sum to an integer in the interval [13, 17] , referred to as the sum constraint. The following immediate observation can be made. C can therefore contain only the values: 3, 4, 5, 6 and 7. In order to simplify the identification of properties, and enumeration, of 2-Quasi-Magic Sudoku the symmetry group, Q, is defined here. Applying an element of Q to a 2-Quasi-Magic Sudoku grid requires the resulting grid to retain the properties of 2-Quasi-Magic Sudoku. The symmetry group, Q, for 2-Quasi-Magic Sudoku is formed by the permutations given in Table 1 .
The number of symmetries in Q is 9216 as given in Table 1 . It should be noted that Q also permutes the values in C . Proof. Follows directly from Corollary 6 and Lemma 7.
As a result of Corollaries 6 and 8 the placement of the value 5 within both C and an entire 2-Quasi-Magic Sudoku grid is greatly restricted. This restriction also allows for rules to be created on the placement of other values within the mini-grids. Proof. Let [Q a,b ] 2,2 = x with x ∈ {4, 5, 6} and without loss of generality assume the first tier of Q a,b contains the values from {4, 5, 6} \ x. By the sum constraint the remaining value in the first tier cannot be 1 or 9. Consider the two triples containing x and one value from {4, 5, 6} \ x; by the sum constraint the third tier contains one value from each of two sets from {3, 7}, {2, 3}, {7, 8} which satisfy the sum constraint. Hence by the sum constraint neither 1 nor 9 can be in the third tier. The symmetry group M, acting on a mini-grid Q a,b , will be defined by the permutation operations given in Table 2 . Consider the symmetry operation m consisting of permutation of values, permutation of the entire first tier with the entire third tier and permutation of the entire first pillar with the entire third pillar. Some mini-grid arrangements are fixed under m and therefore the symmetry group, M, is formed without permutation of values (and thus m ̸ ∈ M). There are therefore no mini-grids fixed by M. Proof. Consider the arrays T and P in Construction 16. For any T there are two arrays P for which no two values in any row of T occur in a row of P.
If exactly one value from {1, 4, 7} and/or {3, 6, 9} occurs in each row of T , then in one P these values occur together within a row, therefore not forming a valid array P; the other P is valid.
If one row of T contains two values from {1, 4, 7} and another row contains two values from {3, 6, 9} then both of the two possible arrays P are valid. 
The classifications pure, mixed and double mixed can apply to any mini-grid. Example 28. An example of Observation 27 is given below. . Consider the sum constraint to be acting only on the tiers of the mini-grids and not on the pillars, then four types of bands are formed. These types are given in Fig. 3 ; note that Q a,1 is always of the same form.
Consider the placement of values 1, 3, 7 and 9. If Q a,2 (or Q a,3 ) is mixed then the values from {3, 6, 9} are in different tiers. Given the band combinations in Fig. 3 the sum constraint in Q a,3 (or Q a,2 ) is contradicted by either the placement of the values 3 and 9 or, as a direct result, the values 1 and 7. Therefore, more generally, in a band for which a row of C contains the values from {4, 5, 6} then at most one mini-grid Q a,b with [Q a,b ] 2,2 ∈ {4, 6} is mixed.
The following combinations are possible for the placement of the values 1, 3, 7 and 9 such that they do not contradict the sum constraint in Q a,1 . These combinations are used to classify Q a,1 as being pure, mixed or double mixed: 
Properties of complete grids
The properties of mini-grids and bands given in Sections 2 and 3 will be used in this section to provide properties applicable to complete 2-Quasi-Magic Sudoku grids. As well as proving certain computationally known results from [1] these properties will be used to simplify the enumeration given in Section 5. Proof. Follows directly from Lemma 30.
Consider the three non-isomorphic arrays given in Corollary 31. Since the second and third rows of each array C contain the values 4, 5 and 6 then the arrays will be referred to hereafter by the combination of values in the top row: {3, 7, 5}, {3, 6, 5} or {4, 6, 5}.
Recall the symmetry group, Q which contains 9216 elements. This symmetry group will be used in Section 5 for the enumeration of 2-Quasi-Magic Sudoku grids for which the top row of C contains the values from {3, x, 5} for x ∈ {6, 7}, since these grids have no fixed points under Q. 2-Quasi-Magic Sudoku grids for which the top row of C contains the values from {4, 5, 6} do contain fixed points under Q but do not contain fixed points under L (the symmetry group formed by the permutation operations given in Table 3 ). Therefore L will be used for the enumeration of 2-Quasi-Magic Sudoku grids for which the top row of C contains the values from {4, 5, 6}. The symmetry group L is defined by the permutation operations given in Table 3 . L contains 1536 symmetries and differs from Q in that it does not contain the permutation of values or full permutation of the stacks and bands; it should be noted that the array C is not fixed under L.
Enumeration of 2-Quasi-Magic Sudoku grids
The number of 2-Quasi-Magic Sudoku grids for each of the three non-isomorphic arrays C (Corollary 31) is determined by using the properties described in the previous sections. Lemmas 32, 33 and 35-39 are used to determine the total number of 2-Quasi-Magic Sudoku grids, which is given in Theorem 40.
Lemma 32. If the top row of C contains the values from {3, 7, 5} the number of non-isomorphic 2-Quasi-Magic Sudoku grids
under Q is 1. Proof. Consider Q a,b to be one of the 15 pure mini-grids (Lemma 22). Let all bands and stacks be formed using pure rows.
There is one way of completing a grid in this case and for each
where a, c, e are all different, and d, e, f are all different.
Let Q 1,1 be fixed. Since all mini-grids are pure, and all bands and stacks are formed using pure rows, then there are two ways of arranging the values in the pillars in stacks two and three, and two ways of arranging the values in the tiers in bands two and three. Since all tiers and all pillars cannot contain the same sets of values then there are 6 grids which may be completed in this way. 
Non-isomorphic 2-Quasi-Magic Sudoku grids
Recall that Q is a finite group of symmetry operations containing 9216 elements, which acts on a set X , where X contains all 248 832 2-Quasi-Magic Sudoku grids. By using the same method detailed in [6] (for Sudoku) the number of orbits (nonisomorphic 2-Quasi-Magic Sudoku grids) under the symmetry group is given by Burnside's Lemma (Lemma 41). Each orbit is equivalent to an isomorphism class of 2-Quasi-Magic Sudoku grids under Q.
Lemma 41 (Burnside's Lemma [5]). If X is a finite G-set and N is the number of G-orbits of X , then
where, for g ∈ G, F (g) is the number of x ∈ X fixed by g.
Firstly partition Q into conjugacy classes (Q i ) where every element of Q i has the same number of fixed points in X and The centralizer of an element q i of Q is the set of all elements of Q which commute with q i . If C Q (q i ) is the centralizer of q i then:
Since all elements of a conjugacy class have the same size centralizer then by Lagrange's theorem [5] the size of the conjugacy class, |Q i |, is given by
Lemma 45. The cardinality of Q 1 is 64.
Proof. The centralizer of q 1 , C Q (q 1 ), contains 144 elements formed by the permutations in Table 4 .
Thus the cardinality of Q 1 is |Q 1 | = 9216/144 = 64. The centralizer of q 2 , C Q (q 2 ), contains 256 elements formed by the permutations in Table 5 . Furthermore the permutations in Table 6 may be applied to any element with the properties of x 1 and it is still fixed by q 1 .
Lemma 48. There are 1280 fixed 2-Quasi-Magic Sudoku grids under q 2 .
Proof. By Definition 42 a 2-Quasi-Magic Sudoku grid (x 2 ∈ X ) is fixed under q 2 if the array C for that grid contains only three values (4, 5 and 6) , and is fixed under permutation of values followed by permutation of stacks and bands, and all rows and all columns. There are 10 2-Quasi-Magic Sudoku grids with the properties of x 2 : 6 by Lemma 35, 2 by Lemma 36 and 2 by Lemma 39. Furthermore the permutations in Table 7 may be applied to any element with the properties of x 2 and it is still fixed by q 2 .
Theorem 49. There are 40 non-isomorphic 2-Quasi-Magic Sudoku grids.
Proof. Using Burnside's Lemma (Lemma 41), the number of non-isomorphic 2-Quasi-Magic Sudoku grids is calculated. The three conjugacy classes for which there exists at least one element of X which is fixed under Q are the identity, e (containing only one symmetry operation), Q 1 and Q 2 . Using the size of the two conjugacy classes (Lemmas 45 and 46) and the number of fixed grids for each of the elements of each conjugacy class (Theorem 40 and Lemmas 47 and 48) the number of nonisomorphic grids is: 
